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Sensitivity Analysis of Unsteady Inviscid Flow
Through Turbomachinery Cascades
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We present a novel sensitivity analysis for predicting the effect of airfoil shape on the unsteady aerodynamic
and aeroacoustic response of turbomachinery blading. The nominal steady and unsteady � ow in a cascade of
turbomachinery blades is modeled using the steady Euler equations and the time-linearized Euler equations,
respectively. Both the steady and unsteadyEuler equationsare solved using a two-step � nite-volumeLax–Wendroff
discretization with multigrid acceleration. We compute the unsteady aerodynamicloads due to both incominggusts
and plunging motion of the cascade airfoils. Once the nominal steady and unsteady � ows have been computed, a
sensitivity analysis is performed using the discrete adjoint equations of the computational � uid dynamics scheme
used to discretize the Euler equations. For each objective function (e.g., the amplitude peak of the aeroelastic blade
motion), theresulting adjointequationsare solvedusing the adjointLax–Wendroff scheme, which is alsoaccelerated
using a multigrid technique. Once the adjoint equations have been solved, the computed adjoint variables may be
used to compute rapidly the sensitivities of the aeroelastic and aeroacoustic objective functions due to arbitrary
changes in geometry. The method is computationally ef� cient, with similar convergence rate histories for both the
nominal and the adjoint solutions. To demonstrate the utility of the present method, we use the sensitivity analysis
to redesign the shape of the airfoils of a cascade for increased aeroelastic stability. We also redesign the shape of
the airfoils of an exit guide vane for reduced downstream radiated noise.

I. Introduction

A EROELASTICITY and aeroacoustics play important roles
in the design of modern turbomachinery blading. For exam-

ple, turbomachinery blades are subjected to unsteady aerodynam-
ics forces that cause them to vibrate. This vibration can, if large
enough, result in high cycle fatigue (HCF), causing the airfoils to
break, severely damaging or destroyingthe engine. Hence, after the
steady aerodynamicdesign phase, detailed but computationallyex-
pensive aeroelastic studies are performed to determine whether the
blades will be aeroelasticallystableand have acceptablefatigue life.
If the blade fails to meet these aeromechanical requirements, it is
redesigned,and the process is repeated, increasingthe time and cost
required to design the engine. Similarly, studies are performed to
predict the radiatednoise from the aircraft engine. For a given blade
row, sources of aeroacousticexcitation include inlet distortionsand
viscous wakes from upstream blade rows. Examples of techniques
to reduce the radiated noise are proper selection of blade numbers,
larger axial distance between blade rows, and installationof acous-
tical liners. In a recent study, Gliebe1 indicates that new modern
design trends for a high bypass ratio engine require more source
noise control by design to maintain even current engine noise lev-
els, let alone reduce noise levels signi� cantly below thoseof current
engines.One needs not only the capabilityto predict aeroelasticand
aeroacousticbehavior of the airfoils in a turbomachine,but also the
capability to understand the in� uence of design changes.

In the present analysis, we use the time-linearized (frequency
domain) approach to predict the unsteady � ow about cascades due
to incoming disturbances or blade vibrations. Using this approach,
one � rst computes the time-mean (steady) � ow about the airfoil by
solving the steady � ow equationsusing conventionalcomputational
� uid dynamic techniques. One then assumes that any unsteadiness
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in the � ow is small and harmonic. The governing � uid equations of
motion and the associated boundary conditions are then linearized
about the mean � ow solution to arrive at a set of linear variable
coef� cient equations that describe the small disturbance � ow. The
resulting linearized equations can be solved very ef� ciently. This
techniquewas applied by Whitehead and Grant,2 Verdon,3 Hall and
Crawley,4 Holmes and Chuang,5 Lindquist and Giles,6 Cizmas and
Hall,7 and others to predict unsteady � ows in turbomachinery cas-
cades. Still, these linearized � ow models predict the unsteady � ow
� eld for a single prescribed geometry and unsteady � ow condition.
These models give little or no information about the in� uence of
design changes on steady and unsteady aerodynamic performance.

Only a few unsteady aerodynamic sensitivity analyses have been
reported in the literature. We mention the previous work done
by Murthy and Kaza8 and by Lorence and Hall.9,10 Murthy and
Kaza8 used a semianalytical panel method to describe the nom-
inal � ow. Lorence and Hall9,10 modeled the � ow through a two-
dimensional cascade with the steady and linearized unsteady full
potential equations, with rapid distortion theory used to model
vortical � ows. They used lower–upper (LU) decomposition to
solve for the nominal steady and unsteady � ow solutions. First,
they solved the discretized steady � ow equations using New-
ton iteration with LU decomposition. Then, they used one LU
decompositionto solve the discretized small disturbanceequations.
They stored the LU decompositions from the nominal solution and
used them to solve for the sensitivities of the steady and unsteady
� ow to changes in the design variables. Such an approach is ex-
tremely ef� cient for small systems where a matrix formulation of
the nominal � ow solver is available. For more complex � ows mod-
eled by the Euler equations,for example,thenumberof unknownsis
relatively large. In such cases, a complete factorizationof the global
Jacobian of the nominal � ow solver is too expensive. Instead, one
may rely on incomplete factorization techniques and use the in-
completely factored matrices as preconditionersin iterative solvers
for multiple right-hand sides calculations.For details, we refer to a
monographby Saad.11 Our experiencehas shown that for the practi-
cal case of computing aerodynamic sensitivities with respect to the
airfoil shape, the direct approach based on incomplete factorization
and iterative solvers is at least one or two orders of magnitude more
expensive than one nominal solution.

In the past decade, a large amount of work has been done in
the � eld of steady aerodynamic design and shape optimization, for
example, by Pironneau,12 Jameson,13 Baysal and Eleshaky,14 and
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Reuther and Jameson.15 As suggested in Refs. 12 and 13, when the
number of control parameters is relatively large (e.g., the number
of parameters that de� ne the airfoil shape), an adjoint method is
more ef� cient. Two variations of the adjoint method are available,
continuousand discreteadjointmethods.In the � rst case, the contin-
uous adjoint equations, which are based on the linearization of the
continuous governing equations, are formed and then discretized.
Unfortunately,the computationof the sensitivitiesis affectedby the
truncation error of the discretization, which can be signi� cant in
the region of strong pressure gradients (e.g., at shock waves). Al-
ternatively, in the discrete formulation, one forms a set of adjoint
equationsof the discretized � ow equations.Such an approach gives
the exact sensitivities of the numerical scheme. However, it may
prove more dif� cult to implement because of the complexity of the
numerical discretization. Also, depending on the implementation,
the memory requirements may be much greater than that of the
continuous adjoint method.

The goal of the present research is to develop adjoint equation
methods for ef� ciently designing turbomachinery blading for im-
provedaeroacousticandaeroelasticperformances.We considertwo-
dimensional cascade � ows. Here we use a � nite-volume two-step
Lax–Wendroff discretization, as described by Hall16 and Saxer.17

Such a scheme is relatively simple to implement, easy to linearize,
and has already been tested for linearizedunsteady � ow analyses.18

To accelerate the convergenceof the nominal solution,we use local
time stepping and the multigrid accelerator described by Ni.19 To
improve the accuracy of the nominal � ow solver, a continuously
deforming grid is used. Once the nominal � ow solution is obtained,
the derivation of the discrete adjoint � ow equations is straightfor-
ward.First, the linearizationof the numericaldiscretization,without
multigrid, is carried out. The adjoint � ow equationsare formed, and
a multigrid procedure similar to the one developed for the nominal
� ow solver is implemented. Then, using the computed adjoint vari-
ables, the sensitivities of the user-de� ned objective functions with
respect to each of the grid points on the airfoil are computed. Fi-
nally, using these sensitivities,we redesign the airfoils for improved
performance.

In this paper, we apply the sensitivity analysis outlined above to
redesign the shape of the airfoils of a cascade for increased aeroe-
lastic stability. We also redesign the shape of the airfoils of an exit
guide vane for reduced downstream radiated noise. The results ob-
tained for two-dimensional turbomachinery � ows indicate that the
approach presented here is computationally ef� cient, yet still able
to model the dominant � ow physics.Ongoing research includesex-
tending the discrete adjoint formulation method to more complex
three-dimensional� ows.

II. Nominal Flow Description
We start with the integral form of the Euler equations over a

moving control volume X , that is,

d
dt

X

q d X
@ X

FT q
@f T

@t
dS 0 (1)

where f is the vector describing the position of the control volume
@X , and dS is the elemental length of the boundary surface and
points in the direction normal to the surface. The quantities q and
FT are the vector of conservation variables and the � ux matrix,
respectively, that is,

q

q

q u

q v

q eT

, FT [F, G] (2)

where q , u, v , and eT are the static density, Cartesian components
of velocity, and total speci� c energy.

We assume that the unsteadiness of the � ow is small compared
with the mean � ow. The nonlinearunsteady� ow is decomposedinto
a nonlinear mean (steady) � ow and an unsteady small-disturbance
� ow. We also assume that the airfoilsmay exhibita prescribedvibra-
tional motion of known frequency x . We use a strained coordinate

system that moves with the airfoil near the airfoil, is stationary in
the far � eld, and deforms smoothly inside the domain. The vector
of conservation variables and the moving coordinates are assumed
to exhibit a harmonic motion with frequency x , so that

q( n , g , s ) Q( n , g ) q( n , g )e j x s

x( n , g , s ) n f ( n , g )e j x s

y( n , g , s ) g g( n , g )e j x s

t ( n , g , s ) s (3)

where f and g are the Cartesian componentsof f . Using Eq. (3), we
then linearize the Euler equations, Eq. (1). After collecting zeroth
and � rst-order terms, we obtain the mean � ow Euler equations and
the linearized unsteady Euler equations.For convenience,we write
the resulting equations together,
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0
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d X
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dg
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dg

d f
(6)

To complete the descriptionof theunsteady� ow problem,bound-
ary conditions are speci� ed on the airfoil surface and in the far
� eld. In the far � eld, we use one-dimensionaland two-dimensional
Fourier nonre� ecting boundaryconditionsas described by Hall and
Crawley4 and later by Giles.20 Furthermore, we assume identical
blades from passage to passage with spatially periodic blade mo-
tions. Then, for each interblade phase angle r , the computational
domain may be reduced to a single blade passage with additional
periodic boundary conditions along the periodic boundaries.21 De-
tails of the boundaryconditionsderivations,their linearizations,and
their implementations for the Euler equations are given in Ref. 18.

The resulting steady and unsteady equations, Eqs. (4–6), and as-
sociated appropriate boundary conditions can be treated as a single
systemof equations,with x and r as parameters.Any standardcom-
putational � uid dynamic (CFD) method may be used to discretize
and integrate these equations.After discretization,a typical iterative
method has the form

d k k 1 k ( k a ) (7)

where

Q

q
, ( a )

N(Q a )

n(Q, q a )
(8)

The vector is the vectorof steady and linearizedunsteadyconser-
vation variables, k is the iteration number, and a the vector of user-
de� ned designed variables, for example, thickness, camber, etc., or
more generally, a discrete representation of the airfoil shape. The
vector is the vector of the discretized steady and linearized un-
steady Euler equations and appropriate boundary conditions. Note
that N(Q a ) is a real nonlinear system of the discretized steady
Euler equations and does not depend on q. The vector n(Q, q a )
is a complex linear system of the discretized unsteady Euler equa-
tions and has the same dimensionas N(Q a ). When converged, the
nominal system of equations satis� es

( a ) 0 (9)
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III. Objective Functions
A. Aeroelastic Objective Functions

Once the nominal steady and unsteady � ow solutions are known,
we compute global aerodynamic characteristics such as the steady
and unsteady lift and moment. We want to improve some of
these aerodynamic characteristics by changing the airfoil geome-
try. Namely, we want to reduce unsteady aerodynamic loads due
to gusts, increase aerodynamic damping, and decrease the coupled
aeroelastic airfoil motion due to incoming gusts. In all these cases,
we want the steady circumferential force acting of the airfoil to be
constant, that is, any redesign of the airfoil should not change the
turning.

First, we look separately at the unsteady aerodynamic response
due to incoming gusts and airfoil motion. We denote by J[ ( a ), a ]
the generic objective function we want to minimize. Speci� cally,
we want to minimize the magnitude of the modal force (airfoil in
plunge) due to an incoming unit gust:

Jgust[ ( a ), a ] lgust,h (10)

Also, we want to increase the aerodynamic damping for a unit
plunge, namely to decrease the imaginary part of the unsteady lift:

Jplunge[ ( a ), a ] imag(lplunge,h )(< 0) (11)

The quantities lgust,h and lplunge,h are the complex unsteady forces
due to a unit gust and unit plunging in the direction of the blade
plunging motion.

Next, we analyze the aeroelastic response of the blades to an
incoming gust excitation.The airfoils are assumed to exhibit a har-
monic plunging motion described by the aeroelastic equation

( X 2 1)h 4 p l x 2
0 (lgust,h hlplunge,h ) (12)

where

X x / x 0, x 0 x 0c / V , h h /c

l m / p q (c/ 2)2 (13)

The quantity x 0 is the � rst natural bending frequency of the blade,
m is its mass, and h is the complex amplitude of the plunging mo-
tion. The derivation of this equation is described in Bisplinghoff
et al.22 For turbomachineryproblems, the mass ratio, l , is of order
100 or larger. The nondimensional complex plunging amplitude h
described by Eq. (12) exhibits a peak at a reduced frequency x P :

x P x 0 1 4 p l x 2
0 real(lplunge,h ) (14)

which is very close to the reduced natural frequency of the elastic
system. The value of the nondimensional amplitude is the absolute
value of the h, which, at x x P , reaches its peak value given by

hP

lgust,h

imag(lplunge,h )
(15)

For this case, our goal is to minimize the amplitude peak of the
aeroelastic blade motion h P , that is,

Jh[ ( a ), a ]
lgust,h

imag(lplunge,h )

Jgust

Jplunge

(16)

while keeping the steady circumferential lift unchanged.

B. Aeroacoustic Objective Functions
In this section,we brie� y analyzethe aeroacousticperformanceof

a row of exit guide vanes (EGVs). We want to reduce the acoustic
response of the EGV due to an incoming gust arising from the
viscous wake of an upstream rotor. For more details about rotor–
stator interactions, see Hall and Silkowski.23 In the rotor frame of
reference, steady viscous wakes are generated. A generic quantity

A(xR , yR , t ), which de� nes the wake, can be decomposed in a sum
of stationary traveling waves, i.e.,

A A(xR , yR , t )
n

A(xR ) exp[ j ( x R n t b R n yR )] (17)

x R n 0, b Rn 2p n / G R , n 1, 2, . . . (18)

The subscript R denotes the rotor frame of reference, G R is the
rotor blade-to-blade gap and b Rn is the nth circumferential wave
number. In the EGV frame of reference, the same wakes appear to
be unsteady and the same quantity A is expressed as

A A(x , y, t )
n

A(x ) exp[ j ( x nt b n y)] (19)

Using the relationship between the two reference frames,

xR x , yR y Vrotor t (20)

the temporal frequency x n and the spatial wave number b n in the
EGV frame can be related to their counterparts in the rotor frame,
that is,

x n b Rn Vrotor (2 p Vrotor / G R )( n), b n b Rn (21)

x BPF

The quantity x BPF is the bladepassingfrequency.Thus, the temporal
frequency of any harmonics is just a multiple of the blade passing
frequency.The corresponding interbladephase angle is given by

r n b nG b R nG (22)

where G is the stator blade-to-bladegap. Each frequencyinterblade
phase angle pair (x n , r n ) de� nes an incoming excitation for which
we analyze the acoustic response of the stator.

Next, we reduce our analysis to one blade passage. We assume
that the steady � ow is uniform in the far � eld, both upstream and
downstream. The response to any incoming perturbation is decom-
posed into a sum of incoming and outgoing traveling waves. For
two-dimensional � ows, the traveling waves are Fourier modes de-
� ned by their two spatial wave numbers. For each circumferential
wave number, b nm ( r n 2 p m)/ G , or corresponding interblade
phase angle, r nm b nm G , there are four axial wave numbers corre-
sponding to two pressure modes (one incoming and one outgoing),
one entropymode, and one vorticity mode. The axial pressurewave
numbers are given by

knm ( x n b nm V )U

( x n b nm V )2 b 2
nm (U 2 a2) (U 2 1) (23)

where U and V are the Cartesian components of the far-� eld � ow
velocity and a is the corresponding speed of sound. From Eq. (23)
we see that depending on the far-� eld � ow conditions and circum-
ferential wave number b nm , the axial wave number knm is either
real or complex. If knm is complex, then this mode is cutoff, and
the pressuremode decays exponentiallyaway from the the cascade.
However, when knm is real, the mode is cuton, and the outgoing
pressure mode propagates with constant magnitude away from the
cascade.

In this study,we identify the cuton modes, and then we attempt to
minimize the participationof these modes in the acoustic response
of the cascade by redesigning the airfoil shape. Speci� cally, the
objective function is given by the magnitude of the propagating
pressure mode, that is,

Jacoustic[ ( a ), a ] pnm ,cuton (24)
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IV. Sensitivity Analysis
A. Adjoint Flow Equations Description

First, we consider the unconstrained minimization problem. We
want to minimize the objective function

I ( a ) J[ ( a ), a ] with [ ( a ), a ] 0 (25)

with no additional constraints. A typical optimization approach al-
gorithm requires the computation of the gradient of the objective
function a I ( a ).

To compute a I ( a ), it is convenient to de� ne the Lagrangian
associated with the constraintminimization problem, Eq. (25), that
is,

( , a , k ) J ( , a ) T ( , a ) ¸ (26)

where ¸ is a vector of as yet unknown Lagrange multipliers. Note
that because ( , a ) is zero, the Lagrangian has the same value as
the cost function.

Next, we � nd the sensitivityof to small changes in solutionand
geometry, d and d a , that is,

d J T k
T

d a J a
T k

T
d a

(27)

The evaluation of the partial derivatives appearing in Eq. (27) is
a relatively easy and computationally inexpensive task. However,
although d a is a prescribed quantity, d is not. Rather, d is a
function of d a and is computationallyexpensive to evaluate. Thus,
to eliminate the need to compute d in Eq. (27), we pick the vector
of Lagrange multipliers ¸ so that � rst term vanishes,with the result
that

T ( , a ) ¸ J ( , a ) 0 (28)

Therefore,

d I ( a ) a
T ( , a ) ¸ a J ( , a )

T
d a (29)

( a I )T

In Eq. (28), the linear matrix operator T ( , a ) is the ad-
joint of the Jacobian of the nonlinear operator ( ). This suggests
that we can use similar solvers for both the nominal � ow equa-
tion, Eq. (9), and the adjoint equation, Eq. (28), and expect similar
convergence rates. In this analysis, we use a simple two-step Lax–

Wendroff scheme with a multigrid accelerator,as described by Ni19

and Hall.16 Such a scheme has the advantage that is compact and
relatively easy to linearize.

We � rst compute analytically the linearization of the Lax–

Wendroffdiscretization,includingtheboundaryconditions,butwith
no multigrid. This de� nes the basic adjoint iteration

d ¸k ¸k 1 ¸k T ¸k J (30)

to which we apply a multigrid accelerator similar to the one used
in the nominal scheme. Note that for two-dimensional problems,
all the matrix and vector information necessary during iterations
can be computed a priori and then stored in memory so that the
iterative scheme for the adjoint problem reduces to only matrix
vector multiplications.We found that the convergencehistories for
both the direct and the adjoint solver are similar, and one adjoint
iteration (including multigrid sweeps) is about twice as expensive
as the same iteration for the nominal solution.

B. Sensitivities and Airfoil Redesign
We now return to our original problem described in Sec. III. We

seek to � nd

min
a

I ( a ) min
a

J[ ( a ), a ] with ( a ) 0 (31)

subject to the additional constraint that

I0( a ) J0[ ( a ), a ] const (32)

where, for example, J0[ ( a ), a ] is the steady circumferential lift
(steady aerodynamic force in the y direction). If we denote by

the search direction along which we minimize I ( a ) as described by
Eqs. (31) and (32), then

D[ a I (®) l a a I0(®)] (33)

where

l a

[ a I (®)]T [ a I0(®)]

a I0(®)
2

2

(34)

and D is the matrix of airfoil deformations,described in detail in an
unpublished NASA report (K. C. Hall and R. Florea, “Sensitivity
Analysis of Unsteady Inviscid Flow Through a Turbomachinery
Cascade,” 1999). Here, ® is a vector of normal displacementsof all
the points on the airfoil corresponding to grid node locations. If we
allow arbitrary airfoil shapes, then the search direction (in the ab-
sence of constraints) would simply be the gradient of I with respect
to ®. However, to ensure smooth airfoil deformations, we instead
de� ne local smooth support functions (see below). Thus, not all air-
foil shapes are permissible. The matrix D is a rank de� cient square
matrix that ensures the deformation of the airfoil is in the permissi-
ble design space de� ned by the support functions.With the addition
of constraint functions, the search direction is also restricted to pro-
duceno change in the constraints.Note that the additionalconstraint
given by Eq. (32) is satis� ed to within a linear approximation.

To determine , we compute the sensitivities of two cost func-
tions, I (®) and I0(®), with respect to ®. Note that in this paper I0

is the steady lift, and only the solution of the real and much smaller
adjoint steady equation needs to be computed. If no constraint is
imposed, we simply take l a 0.

There are different techniquesto model the airfoil shapedeforma-
tions. The main restriction here is that the new (redesigned), airfoil
has a smooth surface. Although more sophisticated techniques are
available, we use simple, smooth, local support sine-type deforma-
tions. For example on the upper surface of the airfoil, starting at the
leading edge, the � rst normal deformation is de� ned by

T1(s) sin2( p s / D s), 0 s D s (35)

where s is the coordinate arclength on the surface of the airfoil
measured from the leading edge. The local support D s is approxi-
matively 40% of the upper-surface airfoil arclength. Then, this de-
formation is advanced over the airfoil surface with a constant step
until it reaches the trailing edge. About 21 of thesedeformationsare
de� ned on each side of the airfoil.

We note that the grid points on the airfoil de� ne all the possible
airfoil shape deformations. In the present work, we � rst compute
the sensitivities of the objective functions with respect to each grid
point on the airfoil. Then, we use those local point sensitivities to
compute the sensitivitiesof the actual shapedeformations.Note that
there is noneedto regridthe � owdomainor computethe sensitivities
with respect to the interior grid deformations. Also, the sensitivity
analysis is decoupled from the airfoil optimization process, and
more sophisticated shape optimization techniques can be applied
with minimum additional cost.

V. Results of Aeroelastic Sensitivity Analysis
The presentadjoint formulationwas applied to redesignthe shape

of theairfoilsof a turbinebladefor increasedaeroelasticstability.We
consider here the Fourth Standard Con� guration, a typical turbine
geometry that has been tested extensively by Bölcs and Fransson.24

The staggerangle H is 56.6deg,and thegap-to-chordratio G is 0.76.
The in� ow Mach number M is 0.26, and the in� ow angle X
(measuredfrom the axialdirection) is 50 deg.The � ow is completely
subsonic, with a Mach number downstream M of approximately
0.79.

A. Nominal Flow Equations Solution
The computational domain is de� ned by a single blade passage

and is discretized using an H-type grid. Three computational grids
are used in the present study: a coarse node grid (65 nodes in the
streamwise direction and 17 nodes in the cross-� ow direction), a
medium grid (129 33 nodes) shown in Fig. 1, and a � ne grid
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Fig. 1 129 £ £ 33 nodeH grid.

(257 49 nodes). Multiple passagesare shown for clarity in Fig. 1.
For each of these grids, we � rst compute the steady (mean) � ow
� eld solution. Once the mean � ow � eld solution is determined, we
compute the unsteady� ow due to two different types of externalex-
citations.Namely,we computetheunsteady� ow due to an incoming
vorticalgustand the unsteady� ow due to plungingmotionof theair-
foils.The plungingdirectionmakes a 60.4 deg angle with the airfoil
chord. The unsteady calculationscorrespond to an interbladephase
angle r 90 deg and a reduced frequency x x c/ V 1.0,
where V is the inlet velocity and c is the blade chord.

Shown in Figs. 2 and 3 are the steady and unsteady pressure
distributions for the three different grid resolutions. In Fig. 2, we
have shown the steady pressure distribution and the real and imag-
inary unsteady pressure due to an incoming vortical gust. In Fig. 3,
we show the real and imaginary unsteady pressure due to plunging
motion. In all cases, note the good agreement between the coarse,
medium, and � ne grid solutions. For all practical purposes, the
medium grid solutions are grid converged; thus, the medium. res-
olution grid will be used for calculations in the following, unless
otherwise indicated.

B. Adjoint Flow Equations Solution
Next we evaluate the sensitivities of the objective functions de-

scribed by Eqs. (10), (11), and (16) for the steady and unsteady� ow
solutions computed in Sec. V.A.

Following Eqs. (29), (33), and (34), we � rst compute the adjoint
� ow equations solutions for two different objective functions: the
magnitude of the modal force (airfoil in plunge) due to an incoming
unit gust [see Eq. (10)] and the aerodynamic damping due to a unit
plunge [see Eq. (11)]. We also compute the adjoint � ow equations
solution for the steady constraint J0[ ( a ), a ], the steady circum-
ferential lift. We show in Fig. 4 the convergence history for the
adjoint solver with and without multigrid on the medium grid. For
comparison, we also show the convergence histories for the direct
� ow solver. The unsteady � ow conditions correspond an incom-
ing gust with r 90 deg, x 1. The results show that the direct
and adjoint iterations have the same terminal convergence rate and,
furthermore, that the multigrid accelerator is extremely effective.

Fig. 2 Steady pressure distribution and real and imaginary unsteady
pressure due to incoming gust. Steady � ow conditions: M¡ 1 = 0:26,
X ¡ 1 = 50 deg. Unsteady � ow conditions: ¾ = ¡ 90 deg, Å! = 1.

Fig. 3 Real and imaginary unsteady pressure due to plunging motion.
Steady � ow conditions:M ¡ 1 = 0:26, X ¡ 1 = 50 deg. Unsteady � ow con-
ditions: ¾ = ¡ 90 deg, Å! = 1.

In Figs. 5 and 6, we show the sensitivity of the unsteady lift
with respect to the local normal deformations of the airfoil for the
three different grid resolutions. In the case of unsteady � ow due to
an incoming gust, the sensitivities computed on the three different
grids are in excellentagreementwith one another.This suggests that
we can use the coarse grid solution to � nd the gradient of the cost
function and then use this gradient as a search direction on a � ner
grid.Also, for some pointson the airfoil, a � nite differenceapproach
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Fig.4 History convergenceofnominalandadjointsteadyandunsteady
� ow equation solvers: 129 £ £ 33 node H grid.

Fig. 5 Sensitivities of the unsteady lift amplitude due to incoming gust
with respect to local normal deformations: I(®) = j lgust;h j .

was used to numerically compute the sensitivities to local normal
deformations.The results obtained show very good agreementwith
the present approach based on an adjoint variable formulation. In
the case of airfoil plunging motion, the local normal sensitivities
show a somewhat slower grid convergence, but the results are still
quite acceptable.

C. Airfoil Shape Optimization
Next, using the sensitivities presented in Figs. 5 and 6, we re-

designedthe Fourth StandardCon� gurationairfoils for theobjective
function de� ned by Eq. (16) and with the steady � ow constraint.

We note that the (inviscid) sensitivitiesshown in Figs. 5 and 6 are
quite largenear the leading and trailing edges of the airfoil, suggest-
ing that large changes in the objective function can be achieved for
modest changes in the airfoil shape. However, as a practical matter,
local shapes changes in these regions cannot be accuratelyanalyzed
without a more detailedviscous analysis.Thus, so as not to produce

Fig. 6 Sensitivities of the imaginary part of the unsteady lift
due to airfoil plunging with respect to local normal deformations:
I(®) = imag(lplunge;h).

nonphysical sensitivities, we de� ne our particular airfoil deforma-
tions as described in Sec. IV.B, limiting the amount of shape change
allowed at the leading and trailing edges.

We show in Figs. 7 and 8 the results obtained for the minimiza-
tion of the maximum nondimensional amplitude of the plunging
motion h P arising from an incident gust, de� ned by Eq. (16), with
the steady lift constraint imposed. As we can see from Eq. (16),
this corresponds to both decreasing the unsteady lift due to the
incoming gust, lgust,h , and increasing the aerodynamic damping,

imag(lplunge,h ). Shown in Fig. 7 are, from top to bottom, the steady
pressure distribution, the components of the unsteady pressure dis-
tribution due to plunging, the airfoil shapes, and the variation of
the steady and unsteady objective functions. We de� ne the defor-
mation area to be the absolute value of the area enclosed between
the modi� ed and nominal airfoil surfaces. We note that the steady
lift constraint and the steady pressure distribution proved to be ex-
tremely restrictive. To maintain a reasonably small adverse steady
pressure gradient, a decrease of only 8% of lgust,h can be obtained.
The variation in aerodynamicdamping is much larger, at least 35%,
for reasonably small adverse steady pressure gradients. The cor-
responding variation in h P is around 33%. The small steady lift
variation,about0.3%, is due to the fact that the steady lift constraint,
Eq. (32), is satis� ed only within a linear approximation.

VI. Results of Aeroacoustic Sensitivity Analysis
The presentadjoint formulationwas also applied to reduce down-

stream radiated noise from a cascade of EGVs, typical for modern
high-bypass ratio fans. The nominal airfoil shape is a slightly mod-
i� ed NACA 8508-65 pro� le. The ratio of the number of fan rotor
blades to exit guide vanes, NR / NEGV, is 0.4. The blade-to-bladegap
G is 1.0, the inlet Mach number M is 0.5, the inlet � ow angle
X is 30 deg, and the stagger angle H is 16 deg. The wheel speed
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Fig. 7 Steady and unsteady pressure distributions for different airfoil
shapes. Unsteady � ow due to airfoil plunging motion induced by gust
excitation. Minimize j ÅhP j given by Eq. (15), with steady lift constraint.
Component of the unsteady pressure distribution due to plunging.

of the upstream rotor Vrotor is 1.5 V , where V is the inlet ve-
locity in the absolute frame. The same con� guration was analyzed
previously by Lorence and Hall.10

A. Nominal Flow Equations Solution
As before, the computationaldomain is de� ned by a single blade

passage and is discretized using a 129 49 node H grid shown in
Fig. 9. Firstwe compute the steady � ow solution.The computedexit
Mach number M is 0.413, and the exit � ow angle X is 4.7 deg.
Based on these values, a modal (Fourier) analysis indicates that the
acoustic response of this cascade to excitations at the � rst passing
frequency x n 1 x BPF 3.77 is cutoff.For incominggust excita-
tions at twice the blade passing frequency, x n 2 2 x BPF 7.54,
a pressure mode with r n 2,m 1 72 deg is cuton in both the up-
stream and downstream region (Table 1).

We analyzed the acoustic response of the stator to a vorti-
cal incoming gust with unit amplitude at a reduced frequency
x 2 x BPF 7.54 and interbladephase angle r 288 deg. A unit
amplitude gust is one in which the magnitude of the perturbation
velocity normal to the steady � ow direction (down-wash) would be
unity at the leading edge of the airfoil if the steady � ow were uni-
form and unde� ected by the EGV. The real and imaginary parts of
the unsteady surface pressure computed using the present analysis
are shown in Fig. 10. Also shown for comparison is the pressure
distributioncomputedusing the linearizedpotential rapid distortion
theory (RDT) analysis of Lorence and Hall.10 A relatively good
agreement between the two sets of results is observed.

Table 1 Two-dimensional Fourier analysis of the far-� eld
unsteady � ow for EGV cascade

n r Rn , deg x n m r nm , deg Cuton

1 144.0 3.7699 2 864.0
1 504.0
0 144.0
1 216.0
2 576.0

1 144.0 3.7699 2 576.0
1 216.0
0 144.0
1 504.0
2 864.0

2 288.0 7.5398 2 1008.0
1 648.0
0 288.0
1 72.0 yes
2 432.0

2 288.0 7.5398 2 432.0
1 72.0 yes
0 288.0
1 648.0
2 1008.0

Fig. 8 Steady and unsteady pressure distributions for different airfoil
shapes. Unsteady � ow due to airfoil plunging motion induced by gust
excitation. Minimize j ÅhP j given by Eq. (15), with steady lift constraint.
Component of the unsteady pressure distribution due to incoming gust.

Fig. 9 129 £ £ 49 node H grid for a cascade of EGVs.
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Fig. 10 Steady and unsteady pressure distribution on EGV airfoils.
From top to bottom: steady pressure distribution, real and imagi-
nary unsteady pressure due to incoming gust. Steady � ow conditions:
M ¡ 1 = 0:5, X ¡ 1 = 30 deg. Unsteady � ow conditions: ¾ = ¡ 288 deg,
Å! = 7:54.

B. Adjoint Flow Equations Solution
Next we computed the sensitivities of the objective function de-

� ned by the acoustic response of the cascade, Eq. (24), for the un-
steady solution presented in the previous section. The aeroacoustic
objective function depends directly on the pressure in the far � eld
and only indirectly on the airfoil shape. Hence, the last term in the
right-hand side of Eq. (29) is zero. Shown in Fig. 11 are sensi-
tivities of the cuton unsteady downstream-outgoingpressure mode
with respect to local normal deformationsof the airfoil surface.The
objective function for this case is the propagating pressure mode,
I ( a ) pnm, cuton , with n 2, m 1. We note that the maximum
variation in the sensitivity is obtained for local normal deformations
at the leading and trailing edge. However, when combined into lo-
cal support sine-type smooth deformations, the effect of these two
regions is dramatically reduced.

C. Airfoil Shape Optimization
Next we used the sensitivitiespresented in Fig. 11 to redesign the

EGVs for lower downstream acoustic radiation with and without
the steady lift constraint. We used simple local support sine-type
deformations that proved to be more effective in reducing the ob-
jective function, while preserving the original smoothness of the
airfoil shape. We show in Figs. 12 and 13 the results obtained for
the minimization of the cuton unsteady downstream-outgoingpres-
sure mode due to an incoming vortical gust using the local sup-
port deformations. The steady and unsteady pressure distributions
shown in Fig. 12 are unconstrainedsensitivities,whereas in Fig. 13
the additional steady lift constraint is imposed. As before, we show
the steady, real unsteady, and imaginary unsteady pressure distri-
butions, the airfoil shapes, and the objective function variations.
The magnitude of the downstream unsteady pressure wave was re-
duced about 18% for the unconstrained case and about 17.5% for

Fig. 11 Sensitivities of the cuton unsteady downstream-outgoing
pressure Fourier mode with respect to local normal deformations:
I(®) = j pnm; cuton j , n = ¡ 2, m = 1.

Fig. 12 Steady and unsteadypressure distributions for different airfoil
shapes. Unsteady � ow due to incoming gust. Minimize the cuton un-
steady downstream-outgoing pressure Fourier mode, j pcuton; dn j , given
by Eq. (24), with no steady lift constraint. j pcuton; up j is the cuton un-
steady upstream-outgoing pressure Fourier mode.

the constrainedsteady lift case, from 0.242 to about0.198 and 0.200
respectively.These variationscorrespondto about 1.7 dB reduction
in sound pressure level (SPL). Upstream, the magnitude of the un-
steady upstream-outgoingpressure mode was increased by 20% in
both cases, from 0.101 to about 0.121.

We note that the steady lift constraint proved to have little effect
in this case. As a practicalmatter, the main restrictionon the design
is to maintain a reasonable thickness of the airfoil. We also want
adverse pressure gradients that are small enough that the � ow does
not separate.
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Fig. 13 Steady and unsteadypressure distributions for different airfoil
shapes. Unsteady � ow due to incoming gust. Minimize the cuton un-
steady downstream-outgoing pressure Fourier mode, j pcuton; dn j , given
by Eq. (24), with steady lift constraint. j pcuton; up j is the cuton unsteady
upstream-outgoing pressure Fourier mode.

By way of comparison, the use of design variables such as thick-
ness, camber, and re� ex may not allow enough � exibility in the
design to produce a large reduction in the objective function. As an
example, using only these global airfoil de� nitions as basis for the
global deformations, only a 6% downstream pressure wave reduc-
tion was obtained. Similar results were reported in Ref. 10.

VII. Conclusions
In this paper, we present a novel approach for computing the

sensitivity of two-dimensional unsteady inviscid aerodynamic � ow
throughturbomachinerycascadesto changesin geometry.We model
the � ow with the steady and linearized unsteady Euler equations,
which are discretizedusing a � nite-volume two-step Lax–Wendroff
discretization with local time stepping and a multigrid accelerator.
We � rst compute the nominal steady and linearized unsteady � ow
� eld solutions, computing the unsteady aerodynamic forces due to
an incoming gust and plunging motion of the cascade airfoils. We
also compute the aeroacoustic response to incoming gusts. Next the
basic CFD scheme and the correspondingboundary conditions are
linearized, and the adjoint of the discretized system of equations is
formed. A multigrid techniqueis used to accelerate the convergence
of the adjoint � ow equation solver. For each objective function,
the adjoint � ow equation solutions are computed. Similar conver-
gence rates are obtained for both the nominal and the adjoint solver.
The computed adjoint variables are used to compute ef� ciently the
sensitivities of the aeroelastic and aeroacoustic objective functions
with respect to airfoil geometry. To model the airfoil shape defor-
mations, we use simple, smooth, local support deformations.

We applied the sensitivity analysis to redesign the Fourth Stan-
dard Con� guration turbine geometry for improved aeromechani-
cal performances. For this con� guration we obtained an 8% re-
duction in the unsteady lift due to an incoming gust. Maintaining
the steady lift and a reasonably small adverse pressure gradient
proved to be extremely restrictive constraints.However, under sim-
ilar restrictions, we were able to also increase the aerodynamic
damping, thereby decreasing the aeroelastic airfoil motion by at
least 33%.

We also applied the sensitivityanalysis to reduce the downstream
radiated noise from a cascade of EGVs. A 1.7-dB reduction in the
downstream sound pressure level magnitude was obtained. In this
case, the main restriction proved to be the thickness of the airfoil.
Also, an undesired increase in the upstream sound pressure level ac-
companiedthedecreasein theaftsoundpressurelevel.Thisbehavior
was previously observed by Lorence and Hall,10 and suggests that
the changes in the airfoil shape produce destructive interferences
downstream but constructive interferencesupstream.

The present method is quite general and is easily extended to
more complexviscousor three-dimensional� ows; work is currently
underway to extend the method to three-dimensional� ows.
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